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Slosh Dynamics Coupled with Spacecraft Attitude Dynamics
Part 1: Formulation and Theory

R.J. Hung,*Y. T. Long," and Y. M. Chi*
University of Alabama in Huntsville, Huntsville, Alabama 35899

Coupling of slosh dynamics within a partially filled rotating Dewar of superfluid helium II with spacecraft attitude
dynamics is investigated in response to the environmental disturbances. These disturbances include 1) lateral
impulse, 2) gravity gradient, and 3) g-jitter forces. The purpose of this study is to investigate 1) how helium II
fluid slosh dynamics driven by various cases of environmental forces coupled with spacecraft dynamics can affect
the bubble deformations and their associated fluid and spacecraft mass-center fluctuations and 2) how spacecraft
translational displacement, velocity, and accelerations deviating from normal spacecraft operation are induced by
the coupling with slosh dynamics driven by various environmental disturbances. The numerical computation of
slosh dynamics is based on the rotating frame, whereas the spacecraft dynamics is associated with the nonrotating
frame. The results show that major contributions to the orbital dynamics are driven by the coupling with slosh
dynamics. Not considering the effect of slosh dynamics acting on the spacecraft may lead to the wrong results for

the development of orbital and attitude control techniques.

Nomenclature

= matrix defined in Eq. (12)

gravity gradient vector, (agg,,» Ggg.05 Qgg.z) i

cylindrical coordinates

= vector (not a unit vector) from the fluid element
to the spacecraft mass center

= components of forces in Cartesian coordinates

= g-jitter frequency, Hz

= gravitational acceleration

= background gravity environment

= Earth gravity acceleration, 9.81 m/s?

= spacecraft orbit altitude, 650 km for Gravity
Probe-B (GP-B)

= spacecraft moment-of-inertia tensor

= components of moments in Cartesian
coordinates

= mass of spacecraft

= orbital rate of spacecraft, 1.07 x 1073 rad/s for
GP-B

= radius of container

. = radius of spacecraft circular orbit, Rg + 4,
7023 km for GP-B

= radius of the Earth, 6373 km

= unit vector from the spacecraft mass center

toward the center of the Earth

axes in cylindrical coordinate

time, s

velocity components in cylindrical coordinates,

cm/s

= inertial-frame Cartesian coordinates for
spacecraft dynamics computation

= noninertial-frame Cartesian coordinates for fluid
dynamics computation

I = viscous coefficient of fluid

P = density of fluid
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o = surface tension coefficient
) = orbital period of spacecraft, 97.6 min for GP-B
v,0,¢ = Eulerian angles for heading, attitude, bank
E = azimuth angle of the Earth with respect to the
spacecraft mass center
w = angular velocity of spacecraft spinning along the
Z axis
Subscripts
c = spacecraft mass center
D = residual environmental components
L = fluid slosh components
X,Y,Z = inertial-frame components along the X, Y, Z
directions
X, ¥,2 = noninertial-frame components along the x, y, z
directions
v,08,¢ = rotational components along the v, 0, ¢
directions
Introduction

O carry out scientific experiments, some experimental space-
craft use cryogenic cooling for telescope instrumentation, use
superconducting sensors for gyro readout, and maintain tempera-
tures near absolute zero for mechanical stability. The approaches to
both cooling and control involve the use of helium II. In this study,
coupling of spacecraft attitude dynamics with sloshing dynamics
driven by orbit environmental disturbances is investigated. Fluid
management problems may arise from an asymmetric distribution
of helium liquid and vapor due to perturbations in the liquid-vapor
interface. A basic understanding of slosh dynamics coupled with
orbital dynamics in six degrees of freedom is important in the de-
velopment of spacecraft guidance and attitude control systems.
Liquid helium at a temperature of 1.8 K is used as the coolant.
Because it is a superfluid, there are at most only very small temper-
ature gradients in the liquid helium. In the absence of Marangoni
convection, in view of the negligibly small temperature dependence
of surface tension and negligible thermal gradients along the liquid—
vapor interface, the equilibrium shape of the interface is governed
by a balance of capillary, centrifugal, gravitational,!~> and dynami-
cal forces. Determination of the liquid-vapor interface profile based
on computational experiments can uncover details of the flow that
cannot be easily visualized or measured experimentally in a micro-
gravity environment.! 3
Instability of the liquid—vapor interface can be induced by the
presence of longitudinal and lateral accelerations. Thus, slosh waves
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are excited, producing high- and low-frequency oscillations in the
liquid helium. The sources of the residual accelerations include
effects of the Earth’s gravity gradient'~? and g-jitter.*"® A recent
study suggests that the high-frequency accelerations may be unim-
portant in comparison with the residual motions caused by low-
frequency accelerations.* .

The time-dependent behavior of liquid helium in a partially fille
rotating Dewar in reduced-gravity environments is simulated by nu-
merically solving the Navier—Stokes equations subject to initial and
boundary conditions.>® At the interface between the liquid and the
vapor fluids, both the kinematic surface boundary condition and the
interface stress conditions for components tangential and normal to
the interface are applied.”® The initial conditions are adopted from
the steady-state formulations.” Some of the steady-state formula-
tions of interface shapes are compared with available experiments®
in a free-falling aircraft (KC-135). The experiments® show that the
classical fluid mechanics theory is applicable to cryogenic helium
in large containers with velocities greater than the corresponding
critical velocities, 013

At temperatures close to absolute zero, quantum effects begin to
be of importance in the properties of superfluids. At a temperature
of 2.17 K, liquid helium undergoes a second-order phase transition;
at temperatures below this point, liquid helium (helium II) has a
number of remarkable properties, the most important of which is
superfluidity. This property permits flow without viscosity in nar-
row capillaries or gaps. At temperatures other than zero, helium II
behaves as if it were a mixture of two different liquids. One of these
is a superfluid and moves with zero viscosity along a solid surface.
The other is a normal viscous fluid. The two motions occur without
any transfer of momentum from one to another for velocities below
a critical velocity.!%~1? Above the critical velocity, the two fluids are
coupled through their mutual friction.!0~13

The key parameters affecting the critical velocity are temperature
and container size. To determine the dynamical behavior of helium
I in a large rotating cylinder, the mutual friction of the two fluid
components is allowed for in the model computation. The density of
the superfluid is a function of temperature, as are the surface tension
and viscous coefficient for helium I1.19-17 In this study, the theory of
viscous Newtonian fluids is employed with temperature-dependent
transport coefficients.

Transient phenomena due to slosh reaction torques driven by three
types of environmental accelerations coupled with spacecraft orbital
dynamics are investigated. Mathematical formulations of 1) slosh
dynamics based on fluid dynamics and 2) attitude dynamics based
on translational and rotational formulations of spacecraft dynamics
have been numerically solved simultaneously.

Three types of environmental forces are considered in this study:
1) lateral impulse, 2) gravity gradient, and 3) g-jitter acceleration.
Coupling between slosh dynamics and orbital dynamics will cause
the behavior of the bubble to differ significantly from that driven by
slosh dynamics alone. The deformation of the bubble is quite dif-
ferent from the results obtained earlier'>!® without taking account
of the modification of orbital dynamics. Furthermore, attitude dy-
namics driven by slosh dynamics can cause the spacecraft to deviate
from normal operation.!”

Noninertial-Frame Mathematical Formulation
of Slosh Dynamics

An experiment made by Andronikashvilil®~!® on rotating helium
IT shows that it is necessary to exceed a critical velocity for the
interaction between the normal and superfluid components to set
an entire bucket in rotation.!®!3 For a rotating Dewar with o.d.
1.56 m and i.d. 0.276 m, the critical velocities are 6.4 x 1077 and
3.6 x 107% m/s, respectively.!"~!5 With a rotational speed of 0.1
rpm, the linear velocities along the outer and inner walls of the rotat-
ing Dewar are 8.17 x 1073 and 1.45 x 103 m/s, respectively, which
are at least several hundred times greater than the corresponding
critical velocities. From this illustration it is seen that the problem
under consideration has special features that warrant the adoption
of a model with viscous Newtonian fluids in this study.

Consider a closed circular Dewar partially filled with helium
II. The whole fluid system is spinning about the axial direction

z of cylindrical coordinates r, 8, z, with corresponding velocity
components «, v, w. The governing equations for noninertial-frame
spacecraft-bound coordinates spinning about the z axis have been
given in our recent studies.?’~ Dynamical forces, such as gravity
gradient, g-jitter, and angular accelerations, as well as centrifugal,
Coriolis, surface tension, viscous forces, etc., are given explicitly in
the mathematical formulations.’¥=2* In the computation of sloshing
reaction forces, moments, viscous stresses, and angular momenta
acting on the container wall of the spacecraft, one must consider
those forces and moments in the inertial frame rather than in the
noninertial frame 20~

For solving slosh-dynamic problems of liquid systems in orbital
spacecraft under a microgravity environment, one must solve the
governing equations®?* accompanied by a set of initial and bound-
ary conditions. A detailed illustration of these initial and boundary
conditions for the slosh dynamics of fluid systems in micrograv-
ity has been given by Hung and Pan.'”~222* The computational
algorithms applicable to cryogenic fluid management under micro-
gravity have also been given earlier.?*~>* Computational algorithms
are summarized in Fig. 1. In this study, to show a realistic exam-
ple, a Dewar with an outer radius of 0.78 m and an inner radius of
0.138 m, top and bottom radii of 1.10 m, and a height of 1.62 m has
been used in the numerical simulation. The Dewar tank is 80% filled
with liquid helium, and the uvllage is filled with helium vapor (the
total fluid mass is 287.6 kg). The temperature of the liquid helium is
1.8 K. In this study the following data are used: liquid helium den-
sity 145.7 kg/m?, helium vapor density 0.45 kg/m?, fluid pressure
1.6625 Pa, surface tension coefficient at the interface between liquid
helium and helium vapor 0.0353 N/m, liquid helium viscosity coef-
ficient 9.61 x 10~°m?/s, and contact angle 0 deg. The initial profiles
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Fig. 1 Computational algorithm for sloshing dynamics.
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of the liquid—vapor interface for the rotating Dewar are determined
from computations based on algorithms developed for the steady-
state formulation of microgravity fluid management.”-?

A staggered grid for the velocity components is used in this
computer program. The marker-and-cell method? of studying fluid
flows along a free surface is adopted. The volume of fluid method is
used to solve finite difference equations numerically. The approxi-
mate flow velocity is calculated from the explicit approximation of
momentum equations based on the results from the previous time
step. Computation of pressure and velocity at the new time step are
thus obtained from iteratively solving the pressure equation with the
conjugate residual technique.?’3® The configuration of the liquid—
vapor interface adjusted for the surface tension effect at the new time
step is then finally obtained. The time step during this computation
is automatically adjusted through the fulfillment of the stability cri-
teria for the computed grid size. The convergence criterion for the
iteration of the pressure equation is based on the computed velocity
at each cell, which satisfies the continuity equation with errors no
more than 10~3 of the velocity difference.3! For the volume con-
servation of liquid, a deviation of less than 1% in volume is always
required before a move to the next time step.

In this study, characteristics of the slosh reaction force and torque
fluctuations exerted on the Dewar in response to various accel-
erations of the spacecraft are also investigated. The mathemati-
cal formulation of the fluctuations of slosh reaction: forces and
torques exerted on the Dewar is given elsewhere.?!:3233 With ref-
erence to slosh dynamics driven by impulse'>!® and environmental
disturbances!*1-2 with their mathematical formulations,?!*>%* one
can calculate the slosh reaction force and associated torque acting
on the Dewar. These quantities are required for the computation
of the coupling between the slosh dynamics of helium II and the
attitude dynamics.

Inertial-Frame Mathematical Formulation
of Spacecraft Dynamics

In spacecraft dynamics, a rigid body with six degrees of freedom,
three being translational and three rotational, is considered. In this
study, our primary interest is to investigate the slosh reaction torques
driven by 1) lateral impulse, 2) gravity-gradient-dominated, and 3)
g-jitter-dominated accelerations coupled with spacecraft dynamics.
In other words, our main purpose is to investigate how the slosh
reaction forces and torques coupled with spacecraft dynamics can
affect the cryogenic bubble deformations and their associated fluid
and spacecraft mass-center fluctuations, and how these effects feed
back to the attitude dynamics. General practice in attitude dynamics
adopts spring—mass—damper models,* which are formulated math-
ematically as ordinary differential equations. In view of the slosh
dynamics displayed by nonlinear bubble oscillations and deforma-
tions, which are governed by nonlinear partial differential equations
accompanied by nonlinear boundary conditions,?"?? it is very hard,
if not impossible, to describe the physics of slosh dynamics cou-
pled with attitude dynamics in terms of such spring—mass—~damper
models.3*33

The three translational governing equations are given by

d .
a(mXi) = Fp; + Fy; (n

where Fp and F, denote the residual environmental force and
the slosh reaction force (from the fluid system) on the spacecraft,
respectively.!>20:303! Subscript i denotes the component along di-
rection i (= X, Y, or Z in the nonrotational frame), and single and
double dots (X, X) imply first and second time derivatives of the pa-
rameter, respectively. Eulerian angles are defined to accommodate
three rotational equations.’> The three rotational equations in terms
of Eulerian angles are given by

L@+ sinfcos0) + L,y cosB($ — v sind) = My (2)

L[(—6 + 9 sin6 + 46 cos 8) sin@ — 8(¢ ~ ¥ sinh) cos ]
+ 1,( cos? § — 2@ sin @ cos §) = My, 3)
I,(6 — sind — 6 cos@) = My @)

where
My = (My; + Mp,) cos ¢ — (My, + Mp,)sing &)
My = (M, + Mp,)sing cos + (M, + Mp,) cos ¢ cos §
— (M, + Mp,)sin8 (6)
My = (Mr.+ Mp,) @

Here M;; and M p; are the slosh reaction torque acting on the Dewar
and the residual torque acting on the spacecraft, respectively, along
direction i (i = x, y, or z in the noninertjal frame). I, (= I, ) and
I; (= I; = I, ) denote the moments of inertia about the axial and
transverse directions, respectively.

Activation of slosh dynamics in response to lateral impulse and
environmental disturbances, such as gravity and g-jitter accelera-
tions, coupled with spacecraft dynamics must induce angular ve-
locities w1, w), ws along the x, y, z coordinates in the rotational
frame. We can assume that (w1, w2, @3) = (01, 65, 63), where 6y, 6,,
65 are the time derivatives of the angular displacements about the
x, ¥, z coordinates. With the definition of I,, = I, I,y = I, and
1, = I, the spinning angular velocity in the rotational frame can
be expressed as follows*:

61+ K16:65 = (1/ 1) (M, + Mpy)
6, + K26:65 = (/L)Y(Myy + Mpy) 3
03 + K36:10, = (1/ LY (M1, + Mp,)

where Ky = (I3 — L)/11, Ky = (1 — I)/ I, and K3 = (I, ~ I1)/ Is.
Both the translational and rotational equations are initial-value prob-
lems. The initial conditions for the translational equations and for
the rotational equations are

(X,Y,Z) =(0,0,0)cm

s ©)
(X,Y,Z)=1(0,0,0)cm/s at t=0

and
0, ¥, ¢) = (0,0,0)rad

L. (10)
@, %,$)=(0,0,0)rpm at r=0

In this paper, a rotating (noninertial) frame is adopted in the study
of the slosh dynamics, and a nonrotating (inertial) frame in the study
of attitude dynamics. The conversion matrix A is used to make the
conversion from the parameters in the nonrotational frame (X, Y, Z)
to those in the rotating frame (x, y, z) through the use of the following
mathematical expression:

AR

where
Axx Axyr Axz
A= Ayx Ayy Ayz (12)
Azx Azy Azz
with

Axx = —siny cos ¢ + cos ¥ sinf sin¢
Ayx = siny sin¢g + cos ¥ sin6 cos ¢
Azx = cos i cos
Ayxy = c0s ¥ cos ¢ -+ sin i sin 6 sin ¢
Ayy = —cos ¥ sin¢ + sin ¢ sin 0 cos ¢
Azy = sinircos
Axz = cosf sin¢
Ayz = cos 6 cos ¢

Azz = —sinf
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Table 1 Characteristics of various environmental-disturbance-driven sloshing dynamics

Gravity-gradient

Lateral impulse force g-jitter force

Type of force Spotty -function Continuous Continuous
spectrum spectrum
Magnitude of force 107 3g, 107 gy 106,
Time period of force acting 10~%s Full orbit period Full orbit period
Magnitude range of force (1072-10"")gp 1077¢g (10’5—10“9)go
Magnitude of force acting on fluid Same Different Same
element at different locations

Type of fluid motion Leftward-rightward Tidal mode motion Leftward—-rightward and

oscillations

up—down oscillations

As A is an orthogonal matrix (A~! = A7), Eq. (11) becomes

X X
Y |=AT]y 13)
Z z

For calculating the coupling of slosh dynamics and spacecraft
attitude dynamics, shown in Egs. (1-4), an iteration method at ev-
ery time step is adopted to determine Fp;, Mp; for the spacecraft,
which are mutually coupled with Fy;, M;; from the slosh dynam-
ics. The computational algorithm is summarized in Fig. 2, where
the superscript & is the iteration number. In this computation, the
dry mass of the spacecraft (excluding fluid mass) is assumed to be
350 kg, the fluid mass for 80% liquid filling is 287.6 kg, and the
moment of inertia of the spacecraft is I, = I, = 160.3 kg - m? and
I, =154.5kg - m%

Characteristics of Orbit Environmental Disturbances

The characteristics of the three types of orbital environmental
disturbance action on fluid systems considered in this study are quite
different. Lateral impulse is in the form of a spotty & function with
a short time period of 1072 s, whereas both the gravity gradient and
g-jitter forces are in the form of continuous spectra covering whole
spacecraft orbital periods. The magnitudes of these accelerations
vary from 10~2 to 10~%gy, and they act on fluid elements at different
locations with different magnitudes in the case of gravity gradient
forces and with the same magnitude in the case of impulse and
g-jitter forces. They are described in Table 1.

It is assumed that a lateral impulse with the following forms of
force F; and torque M; act on the spacecraft system in the noninertial
(rotating) frame (in Cartesian coordinates)'>!#:

F}=(Fx»Evaz)=(20aOvO)N

14
M; = (M, M,, M;) = (0,10,0) N- m

for0 <t < 10~2sand
Fi=(0,0,00)N

15)
M;=(0,0,0)N-m
fort > 10~2s. With a spacecraft mass of 637.6 kg, the lateral impulse
is equivalent to 3.2 x 10~3g, in this case. In general, lateral impulses
range in magnitude from 10~ to 10~%g.

To give an example, for the Gravity Probe-B (GP-B) spacecraft,
which is an Earth satellite orbiting at 650-km altitude directly over
the poles, the orbital period 7, can be computed from the following
expression?:

3

R?

Ty = 2 T (16)

Reg 07
For the case of GP-B, the orbital period 7, = 97.6 min (5856 s) and
the orbital rate n = 27/ = 1.07 x 1073 rad/s.

The gravity gradient acceleration acting on the fluid mass of
spacecraft can be shown to be!~319-22

tyy = —n*[3(r - Dr, — d] a7

Eh=0, (M), =0
(Fodn =ik » (Mode=(Mixo

[Sotve Orbital Transiation Equations in Non-Rotational Frame |
¥
| Obtain (%, y,#) and (%,7,%) in Non - Rotational Frame |

Obtain (a,,a.,a;)

[ Solve Rotational Equations]

[Obtain @, , 6, , 6,) and @, , 6, , 6,)]

Put (a),a;.a3)=(ay. , ag, . 2g.)
1 and @, , §;, 63)=(,, 9,, 6,)

in Fluid Equations

Solve Fluid Equations

{Obtain (x/c, yreo 7ycd (Fipn Fruw Fio) (M My, M)

[(Fuidn = (F)e <8
WMy -(My)E " <e
(k = no. of iteration)

Fii=F/ +Fy
"
Mg =M} + My,

L, |

xys Fuo My, Xso Fs(=Fu+Fph
Mgi(= M + Mp;), Xs;- l.\}sv- éSi! é5,'

Fig. 2 Computational algorithm for coupling of sieshing and orbital
dynamics.

Printout

In the case of the GP-B spacecraft, it is assumed that the gravity
gradient!~3 exerted on the mass center (balanced by the centrifu-
gal forces of the orbiting spacecraft) is zero when the spacecraft
is orbiting the Earth on its specified orbit. In other words, all the
gravity acceleration exerted on the spacecraft is the gravity gradi-
ent acceleration' 3 as defined in Eq. (17). Figure 3A illustrates the
geometrical relationship of the parameters shown in Eq. (17).

At time ¢ = 0, the rotating axis of the spacecraft is aligned with
the radial direction from the Earth’s center to the spacecraft mass’s
center. The azimuth angle of Earth with respect to the spacecraft
mass center, ¥g, can be computed from the orbital period obtained
from Eq. (16) for the normal operation of the spacecraft:

YE = 2(m/70)t (18)
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Fig. 3 Time evolution of gravity gradient and g-jitter accelerations acting on the spacecraft during a full orbit period.

where ¢ is the time measured from the instant when the spacecraft
spin axis is aligned with the radial direction from the spacecraft mass
center to the center of the Earth. Some modification is required if
coupling of slosh and orbital dynamics, leading to deviation of the
spacecraft orbit from normal operation, is considered.

Fluctuations of residual gravity due to g-jitter acceleration are
modeled by the following equation'®-2

g =gs[1 + 3 sin@2r 1] (19)

In this study, g-jitter acceleration with background gravity of 1073 g,
due to spacecraft atmospheric drag, in an example with rotational
speed of 0.1 rpm for normal GP-B spacecraft operation, and three
frequencies of g-jitter with the values 0.1, 1.0, and 10 Hz have been
considered* for the investigation of the oscillations of the liquid—
vapor interface. The components of the g-jitter acceleration in the
noninertial coordinate system are given by!8-%

Agj = (Agjr, Agj, Agj,.) = [€ SN YE cOs( + wt),

—g sin g sin(@ + wt), —g cos Y]l (20)

The characteristics of gravity gradient and jitter accelerations
shown in Egs. (17) and (20), respectively, are quite different. Gravity
gradient acceleration has the following two characteristics:

1) The acceleration acting on any fluid mass inside the container
increases quadratically in the component of the distance from the
mass center of the container (point O, in Fig. 3A) to the location
of the fluid mass parallel to the line from the mass center of the
container to the center of the Earth (parallel to unit vector . shown
in Fig. 3A).

2) The acceleration acting on the fluid mass decreases linearly in
the shortest distance from the location of the fluid mass to the radius
along the vector from the mass center of the container to the center
of the Barth.!7-1°

To give an example, Fig. 3B shows the time variation of gravity
gradient accelerations for a full orbit period of 5856 s with container
rotating speed 0.1 rpm for components along the x, y, z directions
acting on the fluid mass located at ( r, 8, z) = (40 cm, /4, 10 cm).
Because the magnitude and direction of gravity gradient accelera-
tion acting on each fluid mass are strongly dependent on how far

the location of the fluid mass deviates from the mass center of the
container measured along the axis parallel to the vector 7., which
varies with respect to time, we see that the gravity gradient acceler-
ation acting on a fluid mass is different for fluid masses at different
locations in the container. There is a symmetry between the two half
orbital periods in the time evolution of gravity gradient acceleration
if the ratio of orbital period to spacecraft spin period is an integer
and the spacecraft is in normal operation. !*~2° However, coupling of
slosh and orbital dynamics, as shown in Fig. 3B, leads to asymmetry
in the time evolution of gravity gradient acceleration.'*-% Figure 3B
also shows that the magnitude of gravity gradient accelerations! >
is on the order of 1077 g,

Contrary to gravity gradient acceleration,! = g-jitter acceleration
drives the same acceleration of the fluid mass at all locations in the
container. Figure 3C shows the time variation of g-jitter accelera-
tions for a full orbital period of 5856 s with a container rotational
speed of 0.1 rpm and a jitter frequency of 0.1 Hz for components
along the x, y, z directions. Again, symmetry is shown between
half orbital periods of the time evolution of the acceleration if the
ratio of orbital period to spacecraft spin period is an integer and the
spacecraft is in normal operation.’#=2 Coupling of slosh and or-
bital dynamics as shown in Fig. 3C again leads to asymmetry.!3-2°
In general, g-jitter acceleration ranges in magnitude from 10~° to
107%g,. With background gravity of 10~5g, for the g-jitter acceler-
ation considered in this study, the combined gravity gradient (on the
order of 1077 gy) and g-jitter accelerations acting on the spacecraft
correspond to the case of orbital accelerations dominated by g-jitter
forces acting on fluid system of the spacecraft.

Similarity Considerations

The present study considers the dynamic behavior of superfluid
helium II. As mentioned earlier, the rotational velocities of he-
lium II considered in this study are much greater than the critical
velocities,”!* so that the adoption of a Newtonian fluid formula-
tion is warranted. In other words, the formulation considered in this
study is completely identical to that for conventional fluids such as
liquid nitrogen, liquid hydrogen, or hydrazine. To deal with con-
ventional fluids with various physical properties, similarity consid-
erations of nondimensionalized parameters, such as Bond number,
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capillary number, Weber number, Reynolds number, etc., should be
considered in the mathematical formulation. Detailed discussions of
the mathematical formulations and physical interpretations of sim-
ilarity rules have been given precisely by Hung et al..° and a brief
discussion will be presented in this paper.

Similarity rules are used to compare the results of a slosh-dynamic
computation with different sizes of Dewar, different liquid-filled
levels, and different working fluids inside the Dewar considered.®
Obviously, the slosh effect vanishes when the liquid fill level is at
an extreme of 100% (fully filled) and 0% (completely empty). The
slosh effect becomes dominant for liquid fill levels in the range of
40-60%, depending on the characteristics of the nonlinear effects of
environmental disturbances. Characteristics of various working flu-
ids are controlled by their transport properties, such as density, vis-
cosity, surface tension, and specific heat. These material properties,
along with the dynamical parameters such as velocity, acceleration,
rotational speed, and geometry of container, can be combined and
formed into various sets of dimensionless parameters based on the
similarity rules.® In other words, characteristics of fluid flows as-
sociated with slosh dynamics are controlled by material properties
together with dynamics and geometrical parameters, such as en-
vironmental disturbances (including impulse, gravity gradient, and
g-jitter acceleration), surface tension, viscous forces, centrifugal
forces, container size, etc. These parameters can be combined into
the following similarity factors:

R? ravity force
B, = PSR _ _ gravity f @n
o surface tension force
R viscous force
c, =B _ . 2)
o surface tension force
2R3 centrifugal force
w, =222 = = 23)
o surface tension force
R?  centrifugal force
R =222 = g (24)

I viscous force

where By, C,, W,, and R, denote the Bond number, dynamical
capillary number, Weber number, and rotational Reynolds number,
respectively. Note that the capillary number is the ratio of the Weber
number to the Reynolds number.

For the cases of flows with various working fluids, such as liquid
helium, liquid hydrogen, liquid nitrogen, and hydrazine, p, , and
o are the material constants, whereas w, g, and R (the rotational
speed, the gravity environment, and the size of the Dewar, respec-
tively) are the dynamical and geometrical parameters, which are
adjustable in computer experiments. Hung et al.® indicate that the
Bond number, dynamical capillary number, Weber number, and ro-
tational Reynolds number determine the wave period, wave-induced
slosh reaction force, wave amplitude, and flow profile, respectively,
for slosh-wave excitation along the liquid—vapor interface by orbital
acceleration. Because By, C,, W,, and R, are functions of gR?, Rw,
@’ R®, and wR?, respectively, the proper adjustment of the combi-
nations of g, R, and w can better correlate the relationship among
various sizes and shapes and different amplitudes of orbital accel-
eration through the employment of the scaling of similarity rules
presented by Hung et al.b

By using the similarity rules considered in this section, various
working fluids (such as liquid helium, liquid nitrogen, liquid hy-
drogen, and hydrazine) with different sizes of Dewar, various am-
plitudes of environmental disturbances, etc., can be covered in the
models presented in this study.

The discussions in this study are basically applicable to conven-
tional Newtonian fluids. However, the computational model pre-

“sented is also applicable to non-Newtonian fluids with proper modi-
fication. In particular, the models of slosh reaction forces and torques
employed in this study are also applicable provided that the proper
adjustment is given to the definition of viscosity u based on the ratio
of viscous stress 7 to fluid velocity shear du /3y, i.e.,

T
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u

where n = 1 for Newtonian fluids and n # 1 for non-Newtonian
fluids. Here u, y, and n denote the fluid velocity, coordinate trans-
verse to the fluid velocity, and numerical proportionality parame-
ter, respectively. Thus the mathematical formulations presented in
this paper are quite general and cover the coupling of slosh and
spacecraft attitude dynamics, which includes both Newtonian and
non-Newtonian fluids, with proper modifications.

Application of the formulation and theory to realistic orbital en-
vironment disturbances will be fully illustrated in Part 2 of this
paper.’

Conclusion

A mathematical formulation and theory for the slosh dynamics
of fluid motions coupled with spacecraft attitude dynamics have
been presented. The dynamics of a spacecraft Dewar activated by
environmental disturbances including 1) lateral impulse, 2) gravity
gradient, and 3) g-jitter accelerations have been illustrated. A math-
ematical algorithm for calculating the coupling between helium II
slosh dynamics and attitude dynamics has been discussed and illus-
trated, which can find the slosh reaction forces and torques coupled
with translational and rotational dynamics of spacecraft, as a result
of deviation of the spacecraft from normal operation.

For the purpose of the study, the slosh dynamics is based on a
rotating frame, and the attitude dynamics on a nonrotating frame.
Among the three environmental disturbances acting on the space-
craft chosen in this study, both the gravity-gradient and g-jitter forces
are in the form of continuous spectra, whereas the lateral impulse is
in the form of a spotty § function. All of these forces are capable of
exciting slosh dynamics coupled with attitude dynamics. The asym-
metric orientation of the helium IT liquid sloshing in the tank, driven
by the three kinds of forces considered, may also create control and
pointing problems.
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